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Abstract
In this paper, we introduce the notion of port-Lagrangian systems in nonequilibrium ther-
modynamics, which is constructed by generalizing the notion of port-Lagrangian systems for
nonholonomic mechanics proposed in Yoshimura and Marsden [2006c], where the notion of in-
terconnections is described in terms of Dirac structures. The notion of port-Lagrangian systems
in nonequilibrium thermodynamics is deduced from the variational formulation of nonequilib-
rium thermodynamics developed in Gay-Balmaz and Yoshimura [2017a,b]. It is a type of
Lagrange-d’Alembert principle associated to a specific class of nonlinear nonholonomic con-
straints, called phenomenological constraints, which are associated to the entropy production
equation of the system. To these phenomenological constraints are systematically associated
variational constraints, which need to be imposed on the variations considered in the principle.
In this paper, by specifically focusing on the cases of simple thermodynamic systems with con-
straints, we show how the interconnections in thermodynamics can be also described by Dirac
structures on the Pontryagin bundle as well as on the cotangent bundle of the thermodynamic
configuration space. Each of these Dirac structures is induced from the variational constraint.
Furthermore, the variational structure associated to this Dirac formulation is presented in
the context of the Lagrange-d’Alembert-Pontryagin principle. We illustrate our theory with
some examples such as a cylinder-piston with ideal gas as well as an LCR circuit with entropy
production due to a resistor.
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1 Introduction
Dirac structures are geometric objects that unify and generalize the notions of symplectic and
Poisson structures (Courant and Weinstein [1988]; Courant [1990]). It is well known that Dirac
structures appropriately represent the so-called interconnections in physical systems such as those
appearing in electric circuits and nonholonomic systems, see, van der Schaft and Maschke [1994];
Bloch and Crouch [1997]. In particular, the notion of port-Hamiltonian systems was developed in
the context of Dirac systems defined from Poisson brackets with applications to a large class of
controlled physical systems in, for instance, van der Schaft and Maschke [1995]. Further, it was
shown in Eberard, Maschke, and van der Schaft [2005, 2007] that the notion of port-Hamiltonian
system can be extended to thermodynamics in the context of contact geometry. In conjunction with
port-Hamiltonian systems, a variational approach to thermodynamics was developed in Merker and
Kru¨ger [2013] in the context of a contact Hamiltonian with ports.
On the Lagrangian side, the theory of Lagrange-Dirac dynamical systems in mechanics was pro-
posed by Yoshimura and Marsden [2006a,b] and the associated port-Lagrangian systems, defined
as Lagrangian systems with external ports through which energy flow is exchanged, were illustrated
with the case of electric circuits (Yoshimura and Marsden [2006c, 2008]). Regarding thermodynam-
ics, a Lagrangian variational formulation for the nonequilibrium thermodynamics of finite dimen-
sional and continuum systems has been developed by Gay-Balmaz and Yoshimura [2017a,b] follow-
ing Stueckelberg’s axiom of nonequilibrium thermodynamics (Stueckelberg and Scheurer [1974]).
This variational formulation extends the Hamilton principle of classical mechanics to include irre-
versible processes such as friction, heat, and mass transfer. In this approach, the entropy production
equation is interpreted as a phenomenological constraint, to which is systematically associated a
variational constraint, thanks to the concept of thermodynamic displacements. The equations are
obtained by a type of Lagrange-d’Alembert principle with nonlinear nonholonomic constraints. It
was then clarified that the geometric structure underlying this Lagrangian formulation is a Dirac
structure induced from these constraints, as shown in Gay-Balmaz and Yoshimura [2018b] for simple
and closed systems. The Lagrange-Dirac thermodynamic system associated to this Dirac structure
is equivalent to the system of evolution equations obtained from the variational formulation.
In this paper, we show how port-Lagrangian systems in thermodynamics can be constructed in
the context of Dirac structures. In particular, we show how the interconnection structure can be
modeled by an induced Dirac structure in nonequilibrium thermodynamics, where we consider a
class of nonlinear nonholonomic constraints due to the irreversible processes as well as nonholonomic
mechanical constraints1.
1In this paper we use the terminology mechanical constraints for kinematic constraints in the mechanical part to
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We also present the variational structure associated to the Dirac formulation given by the
Lagrange-d’Alembert-Pontryagin principle on the Pontryagin bundle of the thermodynamic config-
uration space. Finally, we illustrate our theory with the case of a piston-cylinder system with ideal
gas and the case of an LCR system with entropy production. We also briefly mention the case of
open systems that includes heat and matter power exchange with the exterior, where we extend the
notion of “port” to the general one through which the external power is described by the product
of thermodynamic fluxes and affinities associated with the heat and matter transfers in addition to
the paring of the external forces and velocities.
2 port-Lagrangian systems
In this section we quickly review from Yoshimura and Marsden [2006a,b,c, 2008] the theory of
Lagrange-Dirac systems with external ports, also referred to as port-Lagrangian systems.
2.1 Dirac structures and interconnection
We first recall the definition of a Dirac structure, see Courant and Weinstein [1988].
Let V be a vector space, let 〈· , ·〉 be the natural paring between V and its dual space V ∗, and
consider the symmetric paring on V ⊕ V ∗ defined by
〈〈(v, α), (v¯, α¯)〉〉 = 〈α, v¯〉+ 〈α¯, v〉,
for (v, α), (v¯, α¯) ∈ V ⊕ V ∗. A linear Dirac structure on V is a subspace D ⊂ V ⊕ V ∗ such that
D = D⊥, where D⊥ is the orthogonal of D relative to the pairing 〈〈 , 〉〉.
Let M be a smooth manifold and let TM ⊕T ∗M denote the Pontryagin bundle over M , defined
as the direct sum of the tangent and cotangent bundle of M . In this paper, we shall call a subbundle
D ⊂ TM ⊕ T ∗M a Dirac structure on M , if D(m) is a linear Dirac structure on the vector space
TmM at each point m ∈M .
It is well known that such a Dirac structure represents an interconnection with multi-ports (see,
van der Schaft and Maschke [1995]; Yoshimura and Marsden [2006a]).
For instance, the interconnection structure due to Kirchhoff’s current and voltage constraints,
namely, KCL and KVL, can be modeled by a Dirac structure.
In this paper, we will show how the interconnection in thermodynamics can be constructed by
a Dirac structure as in mechanics.
2.2 Dirac formulations for port-Lagrangian systems
LetQ be an n-dimensional configuration manifold and let TQ and T ∗Q be the tangent and cotangent
bundles over Q with local expressions (q, v) and (q, p), respectively. We consider a Lagrangian
L : TQ→ R, possibly degenerate, as well as a mechanical constraint distribution ∆Q on Q, which
may be nonholonomic.
In the context of Lagrangian systems, there are two associated Dirac formulations; one given on
the Pontryagin bundle P = TQ⊕ T ∗Q and one on the cotangent bundle T ∗Q. We shall start with
the Dirac formulation on P .
distinguish from the constraints due to the irreversible processes.
3
Dirac dynamical systems on the Pontryagin bundle The Dirac structure D∆P ⊂ TP⊕T ∗P
associated to ∆Q is defined at each x = (q, v, p) ∈ P by
D∆P (x) =
{
(V, α) ∈ TxP × T ∗xP | V ∈ ∆P (x),
and 〈α,W 〉 = ΩP (x)(V,W ), ∀W ∈ ∆P (x)
}
,
where ΩP = pi
∗
(P,T∗Q)Ω is the presymplectic form on P induced by the canonical form Ω on T
∗Q
and
∆P = (Tpi(P,Q))
−1(∆Q)
is the distribution on P induced by the distribution ∆Q on Q. Here pi(P,Q) : P → Q and pi(P,T∗Q) :
P → T ∗Q are the natural projections, locally given by pi(P,Q)(q, v, p) = q and pi(P,T∗Q)(q, v, p) =
(q, p).
Let us assume that an external force field F ext : TQ→ T ∗Q is given through the external energy
port. We define the associated horizontal one-form Fext on P as follows:
〈Fext(x),Wx〉 =
〈
F ext(q, v), Txpi(P,Q)(Wx)
〉
,
for all x = (q, v, p) ∈ P and all Wx ∈ TxP . Locally it reads
Fext(q, v, p) = (q, v, p, F ext(q, v), 0, 0) . (1)
From the given Lagrangian L, we define the generalized energy E on the Pontryagin bundle P
by
E(q, v, p) = 〈p, v〉 − L(q, v).
Given E, D∆P , and Fext constructed from L, ∆Q, and F ext, the associated port-Lagrangian
system for a curve x(t) = (q(t), v(t), p(t)) ∈ P is defined as:(
(x(t), ˙x(t)),dE(x(t))−Fext(x(t))) ∈ D∆P (x(t)). (2)
Using local coordinates, we get the Lagrange-d’Alembert-Pontryagin equations:
p =
∂L
∂v
(q, v), q˙ = v ∈ ∆Q(q),
p˙− ∂L
∂q
(q, v)− F ext(q, v) ∈ ∆Q(q)◦,
(3)
where ∆◦Q ⊂ T ∗Q is the annihilator of ∆Q in T ∗Q.
Energy balance equation Along a solution curve x(t) = (q(t), v(t), p(t)) ∈ P of system (2), or
equivalently (3), the energy balance equation holds as:
d
dt
E(q(t), v(t), p(t)) =
〈
F ext(v(t)), q˙(t)
〉
,
as a direct computation shows.
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Induced Dirac structures on the cotangent bundle Consider as before a kinematic con-
straint ∆Q on Q, and define the distribution ∆T∗Q on T
∗Q by
∆T∗Q := (TpiQ)
−1 (∆Q) ⊂ TT ∗Q,
where piQ : T
∗Q→ Q is the canonical projection and TpiQ : TT ∗Q→ TQ its tangent map.
The Dirac structure D∆Q ⊂ TT ∗Q ⊕ T ∗T ∗Q induced from ∆Q is defined for each z = (q, p) ∈
T ∗Q by
D∆Q(z) = {(v, α) ∈ TzT ∗Q× T ∗z T ∗Q | v ∈ ∆T∗Q(z),
and 〈α,w〉 = Ω(z)(v, w), ∀ w ∈ ∆T∗Q(z)},
where Ω is the canonical symplectic form on T ∗Q.
Letting points in TT ∗Q and T ∗T ∗Q be locally denoted by (q, p, q˙, p˙) and (q, p, α, u), where α is
a covector and w is a vector, the local expression for the Dirac structure induced from ∆Q is
D∆Q(q, p) =
{
((q, p, q˙, p˙), (q, p, α, u)) | q˙ ∈ ∆Q(q),
u = q˙, and α+ p˙ ∈ ∆Q(q)◦
}
.
(4)
Lagrange-Dirac systems on T ∗Q Consider the differential dL : TQ→ T ∗TQ of the Lagrangian
L and the canonical symplectomorphism γQ : T
∗TQ → T ∗T ∗Q given locally by (q, δq, δp, p) 7→
(q, p,−δp, δq). Following Yoshimura and Marsden [2006a], the Dirac differential of L is defined by
dDL := γQ ◦ dL : TQ→ T ∗T ∗Q.
Locally it reads
dDL(q, v) =
(
q,
∂L
∂v
,−∂L
∂q
, v
)
. (5)
Given the external force F ext : TQ→ T ∗Q, we define the map
F˜ ext : TQ→ T ∗T ∗Q
such that F˜ ext(y) ∈ T ∗z T ∗Q for y = (q, v) and z = (q, ∂L∂v ) and〈
F˜ ext(y),W
〉
=
〈
F ext(y), TzpiQ(W )
〉
,
for all Wz ∈ TzT ∗Q. Locally it reads
F˜ ext(q, v) =
(
q,
∂L
∂v
, F ext(q, v), 0
)
. (6)
The associated port-Lagrangian system is given by the following Lagrange-Dirac dynamical
system (or implicit Lagrangian system) for the curves y(t) = (q(t), v(t)) and z(t) = (q(t), p(t)):(
(z(t), z˙(t)),dDL(y(t))− F˜ ext(y(t))
)
∈ D∆Q(z(t)). (7)
Using (4), (5) and (6), it follows that the port-Lagrangian system (7) is equivalent to the
Lagrange-d’Alembert-Pontryagin equations (3).
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3 Port-Lagrangian systems in thermodynamics
A discrete thermodynamic system Σ is a collection Σ = ∪NA=1ΣA of a finite number of interacting
simple thermodynamic systems ΣA. By definition, a simple thermodynamic system is a macroscopic
system for which one (scalar) thermal variable and a finite set of mechanical variables are sufficient
to describe entirely the state of the system. The first law of thermodynamics, Stueckelberg and
Scheurer [1974], asserts that for every system there exists an extensive state function, the energy,
which satisfies
d
dt
E = P extW + P
ext
H + P
ext
M ,
where P extW is the power associated to the work done on the system, P
ext
H is the power associated
to the transfer of heat into the system, and P extM is the power associated to the transfer of matter
into the system. In particular, a system in which P extM 6= 0 is called open.
3.1 Variational and geometric settings in thermodynamics
Simple and adiabatically closed systems. Let Q be the configuration manifold of the me-
chanical part of the thermodynamic system and let Q = Q×R be the thermodynamic configuration
manifold for the simple system, where R is the space containing the entropy variable of the system
S. The Lagrangian of a simple thermodynamic system is given by a function
L : TQ× R→ R, (q, v, S) 7→ L(q, v, S).
Suppose that exterior and friction forces are given by the fiber preserving maps F ext, F fr : TQ×R→
T ∗Q and consider the adiabatically closed case, in which there exist no external heat power supply
P extH (t) nor matter exchange P
ext
M (t) with exterior.
Nonholonomic constraints of thermodynamic type. It follows from Gay-Balmaz and Yoshimura
[2017a] that the evolution equations of the thermodynamic system can be obtained by a type of
Lagrange-d’Alembert principle with a specific type of nonlinear nonholonomic constraints, to which
are systematically associated variational constraints imposed on the variations of the curve.
For the present case, the nonholonomic constraint reads
∂L
∂S
(q, q˙, S)S˙ =
〈
F fr(q, q˙, S), q˙
〉
, (8)
where ∂L∂S = −T is minus the temperature of the system. Such constraints arising in thermody-
namic are referred to as phenomenological constraints. Geometrically, the constraint (8) defines a
submanifold CthK ⊂ TQ, given as
CthK =
{
(q, S, q˙, S˙) ∈ TQ | ∂L
∂S
(q, q˙, S)S˙ =
〈
F fr(q, q˙, S), q˙
〉}
The variational constraint associated to (8) is
∂L
∂S
(q, q˙, S)δS =
〈
F fr(q, q˙, S), δq
〉
. (9)
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Geometrically, the constraint (9) defines a submanifold CthV ⊂ TQ×Q TQ, given as
CthV =
{
(q, S, v,W, δq, δS) ∈ TQ×Q TQ
∣∣∣
∂L
∂S
(q, v, S)δS =
〈
F fr(q, v, S), δq
〉}
.
(10)
Above TQ ×Q TQ → Q is the vector bundle whose fiber at (q, S) ∈ Q is the Cartesian product
T(q,S)Q× T(q,S)Q.
The relation between the phenomenological constraint CthK and the variational constraint C
th
V
can be geometrically written as
CthK =
{
(q, S, q˙, S˙) | (q, S, q˙, S˙) ∈ CthV (q, S, q˙, S˙)
}
, (11)
where CthV (q, S, q˙, S˙) := C
th
V ∩
({(q, S, q˙, S˙)} × T(q,S)Q).
Constraints related in this way are called constraint of thermodynamic type. It is a relation
that holds for both simple and nonsimple closed systems, Gay-Balmaz and Yoshimura [2017a,b].
Nonholonomic mechanical constraints. In this paper, we will further assume that the above
thermodynamic system is subject to nonholonomic mechanical constraints given by a distribution
∆Q ⊂ TQ. We shall describe ∆Q as
∆Q(q) = {(q, v) ∈ TQ | 〈ωr(q), v〉 = 0, r = 1, ...,m < n} ,
where ωr =
∑n
i=1 ω
r
i dq
i are m constraint one-forms.
Using the projection pi(Q,Q) : Q → Q, (q, S) 7→ q, we define the distribution ∆Q naturally
induced on the thermodynamic configuration space Q by
∆Q = (Tpi(Q,Q))−1(∆Q) ⊂ TQ. (12)
The geometric object corresponding to CthV in (10) is here given the mechanical variational constraint
CmechV = TQ×Q ∆Q. (13)
For the thermodynamic system with mechanical constraint, we thus get the variational constraint
CV
CV := C
th
V ∩ CmechV ⊂ TQ×Q TQ, (14)
which is locally described by
CV =
{
(q, S, v,W, δq, δS)
∣∣∣ (q, δq) ∈ ∆Q(q)
and
∂L
∂S
(q, v, S)δS =
〈
F fr(q, v, S), δq
〉}
.
(15)
Then, as in (11), the associated kinematic constraint CK ⊂ TQ is given by
CK =
{
(q, S, q˙, S˙)
∣∣∣ (q, S, q˙, S˙) ∈ CV (q, S, q˙, S˙)},
7
which leads to
CK =
{
(q, S, q˙, S˙)
∣∣∣ (q, q˙) ∈ ∆Q(q)
and
∂L
∂S
(q, q˙, S)S˙ =
〈
F fr(q, q˙, S), q˙
〉}
.
(16)
The annihilator of CV (q, S, v,W ) ⊂ T(q,S)Q in T ∗Q is given by
CV (q, S, v,W )
◦ =
{
(q, S, α, T )
∣∣∣ ∂L
∂S
α+ T F fr ∈ ∆Q(q)◦
}
.
3.2 Port-Lagrangian systems on the Pontryagin bundle
Dirac structures on the Pontryagin bundle. Let P = TQ⊕ T ∗Q be the Pontryagin bundle
over the thermodynamic configuration space Q. Denoting x = (q, S, v,W, p,Λ) an element in P and
using the projection pi(P,Q) : P → Q, x = (q, S, v,W, p,Λ) 7→ (q, S), we can define the distribution
induced from CV on P as
∆P(x) := (Txpi(P,Q))−1(CV (q, S, v,W )).
Define the presymplectic form ΩP = pi∗(P,T∗Q)ΩT∗Q on P, induced from the canonical symplectic
form ΩT∗Q = dqi ∧ dpi + dS ∧ dΛ on T ∗Q.
Now consider the Dirac structure on P induced from ∆P and ΩP as
D∆P (x) =
{
(v, ζ) ∈ TxP × T ∗xP | v ∈ ∆P(x),
and 〈ζ, w〉 = ΩP(x)(v, w), ∀ w ∈ ∆P(x)
}
.
Writing locally (x, x˙) ∈ TP and (x, ζ) ∈ T ∗P, where x˙ = (q˙, S˙, v˙, W˙ , p˙, Λ˙), and ζ = (α, T , β,Υ, u,Ψ),
we have
(
(x, x˙), (x, ζ)
) ∈ D∆P (x) if and only if
(p˙+ α)
∂L
∂S
(q, v, S)
+(Λ˙ + T )F fr(q, v, S) ∈ ∆Q(q)◦,
∂L
∂S
(q, v, S)S˙ =
〈
F fr(q, v, S), q˙
〉
,
β = 0, Υ = 0, u = q˙ ∈ ∆Q(q), Ψ = S˙.
(17)
Port-Lagrangian systems on P = TQ ⊕ T ∗Q. Let us assume that an external force field
F ext : TQ × R → T ∗Q is given through the external energy port. As before, we define the
associated horizontal one-form Fext on P as follows:
〈Fext(x),W 〉 = 〈F ext(q, v, S), Txpi(P,Q)(W )〉 ,
for all x = (q, S, v,W, p,Λ) ∈ P and all Wx ∈ TxP. Locally it reads
Fext(x) = (q, S, v,W, p,Λ, F ext(q, v, S), 0, 0, 0, 0, 0) . (18)
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The generalized energy E : P → R on the Pontryagin bundle is given here by
E(q, S, v,W, p,Λ) = 〈p, v〉+ ΛW − L(q, v, S). (19)
Given E , D∆P , and Fext constructed from L, CV = CthV ∩ CmechV , and F ext, the associated
port-Lagrangian thermodynamic system for a curve x(t) ∈ P is defined as(
(x(t), x˙(t)),dE(x(t))−Fext(x(t))) ∈ D∆P (x(t)). (20)
Using (17) the system (20) gives the following equations for a curve x(t) = (q(t), S(t), v(t),W (t), p(t),Λ(t))
in local coordinates 
(
p˙− ∂L
∂q
(q, v, S)− F ext(q, v, S)
)
∂L
∂S
(q, v, S)
+
(
Λ˙− ∂L
∂S
(q, v, S)
)
F fr(q, v, S) ∈ ∆Q(q)◦,
∂L
∂S
(q, v, S)S˙ =
〈
F fr(q, v, S), q˙
〉
,
p =
∂L
∂v
, Λ = 0, v = q˙ ∈ ∆Q, W = S˙.
Finally, using Lagrange multipliers µr, r = 1, ...,m < n, we can rearrange the above evolution
equations as 
p˙− ∂L
∂q
(q, v, S)− F fr(q, v, S)− F ext(q, v, S) = µrωr(q),
∂L
∂S
(q, v, S)S˙ =
〈
F fr(q, v, S), q˙
〉
,
p =
∂L
∂v
(q, v, S), 〈ωr(q), q˙〉 = 0, r = 1, ...,m < n.
(21)
This is the system of equation describing the evolution of the simple and closed thermodynamic
system with mechanical constraints
Energy balance equation. The energy balance along the solution curve (q(t), S(t), v(t), p(t)) of
the port-Lagrangian thermodynamic system (21) is computed as
d
dt
E(q, S, v, p) =
〈
F ext(q, S, v, p), q˙
〉
= P extW ,
where E(q, S, v, p) = 〈p, v〉 − L(q, v, S). This is the statement of the first law of thermodynamics
for the simple closed system. Note that this relation can be equivalently written as ddtE(x) =〈Fext(x), x˙〉.
3.3 Port-Lagrangian systems on the cotangent bundle
In §3.2, We have illustrated the port-Lagrangian systems for nonequilibrium thermodynamics of
simple systems by utilizing a Dirac structure on the Pontryagin bundle P = TQ ⊕ T ∗Q over the
thermodynamic configuration space Q. In a similar way with the case of mechanics, there is an-
other type of Dirac formulation of port-Lagrangian thermodynamic systems, which is based on a
Lagrange-Dirac system and use a Dirac structure on the cotangent bundle T ∗Q of the thermody-
namic phase space.
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Nonholonomic constraints of thermodynamic type. Let us assume that the Lagrangian
L = L(q, v, S) : TQ×R→ R is hyperregular with respect to the mechanical variables (q, v), that is,
the Legendre transform
FLS : TQ→ T ∗Q, (q, v) 7→
(
q,
∂L
∂v
(q, v, S)
)
(22)
is a diffeomorphism for each fixed S ∈ R. From the variational constraint CthV ⊂ TQ ×Q TQ in
(10), define the variational constraint CthV ⊂ T ∗Q×Q TQ as
CthV (q, S, p,Λ) := CthV (q, S, v,W ), (23)
where v on the right hand side is uniquely determined such that ∂L∂v (q, v, S) = p. Note that C
th
V
does not depend on W in thermodynamics, thus CthV is well-defined by (23). We have
CthV (q, S, p,Λ) =
{
(q, S, δq, δS) ∈ TQ
∣∣∣
− T (q, p, S)δS = 〈F fr(q, p, S), δq〉}, (24)
where T and F fr are defined on T ∗Q×R by T (q, p, S) := −∂L∂S (q, v, S) and F fr(q, p, S) := F fr(q, v, S),
in which v is uniquely determined from the condition ∂L∂v (q, v, S) = p.
Recall that from the given nonholonomic mechanical constraint ∆Q, we consider the lifted
distribution ∆Q on Q as in (12). On the Hamiltonian side, the analogue of (13) is CmechV =
T ∗Q×Q ∆Q.
As in (14) the variational constraint associated to the mechanical and thermodynamical con-
straints, is defined as
CV := CthV ∩ CmechV ⊂ T ∗Q×Q TQ. (25)
Locally it is described by
CV =
{
(q, S, p,Λ, δq, δS)
∣∣∣ (q, δq) ∈ ∆Q(q)
and − T (q, p, S)δS = 〈F fr(q, p, S), δq〉}. (26)
As in (11), the kinematic constraint CK ⊂ TQ is given from CV as
CK =
{
(q, S, q˙, S˙)
∣∣∣ (q, S, q˙, S˙) ∈ CV (q, S, p,Λ)},
which leads to the local expression
CK =
{
(q, S, q˙, S˙)
∣∣∣ (q, q˙) ∈ ∆Q(q)
and − T (q, p, S)S˙ = 〈F fr(q, p, S), q˙〉}.
The annihilator of CV (q, S, v,W ) ⊂ TQ in T ∗Q is
CV (q, S, p,Λ)◦ =
{
(q, S, α, T )
∣∣∣ − Tα+ T F fr ∈ ∆Q(q)◦}.
From the variational constraint CV in (26), we define the distribution ∆T∗Q on T ∗Q as
∆T∗Q(z) := (Tzpi(T∗Q,Q))−1(CV (z)).
where z = (q, S, p,Λ) ∈ T ∗Q and pi(T∗Q,Q) : T ∗Q → Q, pi(T∗Q,Q)(q, S, p,Λ) = (q, S).
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Induced Dirac structures on T ∗Q. The Dirac structure D∆T∗Q ⊂ TT ∗Q⊕ T ∗T ∗Q associated
to ∆T∗Q is defined for each z = (q, S, p,Λ) ∈ T ∗Q by
D∆T∗Q(z)=
{
(V, β) ∈ TzT ∗Q× T ∗z T ∗Q | V ∈ ∆T∗Q(z)
and 〈β,W 〉 = ΩT∗Q(z)(V,W ), ∀W ∈ ∆T∗Q(z)
}
.
Writing locally (z, z˙) ∈ TT ∗Q and (z, ζ) ∈ T ∗T ∗Q, where z˙ = (q˙, S˙, p˙, Λ˙) and ζ = (α, T , u,Ψ), we
have
(
(z, z˙), (z, ζ)
) ∈ D∆T∗Q(z) if and only if
−(p˙+ α)T (q, p, S) + (Λ˙ + T )F fr(q, p, S) ∈ ∆◦Q(q),
T (q, p, S)S˙ = − 〈F fr(q, p, S), q˙〉 ,
q˙ = u ∈ ∆Q, Ψ = S˙.
(27)
Port-Lagrangian system on T ∗Q. Given the Lagrangian L : TQ×R→ R, we lift it onto TQ,
denoted L˜ : TQ → R, so that its Dirac differential can be defined similarly as before, namely
dDL˜ := γQ ◦ dL˜ : TQ → T ∗T ∗Q
which reads locally
dDL˜(q, S, v,W ) =
(
q, S,
∂L
∂v
, 0,−∂L
∂q
,−∂L
∂S
, v,W
)
. (28)
Given the external force F ext : TQ× R→ T ∗Q, we define the map
F˜ ext : TQ → T ∗T ∗Q
such that F˜ ext(y) ∈ T ∗z T ∗Q for y = (q, v, S,W ) and z = (q, S, ∂L∂v , 0) and〈
F˜ ext(y),W
〉
=
〈
F ext(y), Tzpi(T∗Q,Q)(W )
〉
,
for all Wz ∈ TzT ∗Q. Locally it reads
F˜ ext(q, S, v,W )=
(
q, S,
∂L
∂v
, 0, F ext(q, v, S), 0, 0, 0
)
. (29)
The associated port-Lagrangian system for the simple adiabatically closed system is given by
the following Lagrange-Dirac dynamical system (or implicit Lagrangian system) for the curves
y(t) = (q(t), S(t), v(t),W (t)) and z(t) = (q(t), S(t), p(t),Λ(t)):(
(z(t), z˙(t)),dDL˜(y(t))− F˜ ext(y(t))
)
∈ D∆Q(z(t)). (30)
Using (27), (28) and (29), it follows that the port-Lagrangian system (30) is equivalent to the
system 
−
(
p˙− ∂L
∂q
(q, v, S)
)
T (q, p, S)
+
(
Λ˙− ∂L∂S (q, v, S)
)
F fr(q, p, S) ∈ ∆◦Q(q),
T (q, S, p)S˙ = − 〈F fr(q, p, S), q˙〉 ,
q˙ = v ∈ ∆Q(q), W = S˙, p = ∂L
∂v
(q, v, S), Λ = 0,
(31)
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where the last two equalities come from the fact that (q, S, p,Λ, q˙, S˙, p˙, Λ˙) and dDL˜(q, S, v,W )
must both belong to the fibers at the same point (q, S, p,Λ) ∈ T ∗Q. Recalling that T (q, p, S) =
−∂L∂S (q, v, S) and F fr(q, p, S) = F fr(q, v, S), it follows that (31) is equivalent to (21), and yield the
evolution equation for the simple closed thermodynamic system with mechanical constraints.
4 Examples
4.1 A piston-cylinder system
Consider the piston-cylinder system in Fig.1, which was considered by Sommerfeld [1964]. The
piston has mass M which is connected to the shaft with mass m by massless links with lengths a
and b. Inside the cylinder, an ideal gas is contained with internal energy U(S, V,N). The internal
energy of the system is Ugas(q, S) := U(S, V = Aq,N0) where N0 is the constant number of moles,
V = Ax is the volume, and A is the area of the cylinder. We assume that there is a mechanical
power exchange due to an external torque T ext acting along the shaft, but we assume no heat power
or mass exchanges with exterior. We also assume that the gravitational acceleration g is acting
vertically downward.
T
ext
F
fr
q
M U(q, S)
m
φ θ
a b
g
Figure 1: A piston-cylinder system with gas and friction
Let Q = Q × R be the thermodynamic configuration space, where Q = R × S1 3 (q, φ) is the
configuration space for the mechanical part. The Lagrangian L : TQ× R→ R is given by
L(q, φ, vq, vφ, S) =
1
2
Mv2q +
1
2
ma2v2φ − U(q, φ, S),
where U(q, φ, S) = Ugas(q, S) +mga sinφ.
The mechanical constraint, see Sommerfeld [1964], is given as
∆Q = {(q, φ, δq, δφ) | δq + α(φ)δφ = 0},
where
α(φ) = a sinφ
1 + ab cosφ√
1− (ab )2 sin2 φ
 .
It follows from (15) that the variational constraint CV ⊂ TQ×Q TQ is given by
CV =
{
(q, φ, S, vq, vφ, vS , δq, δφ, δS)
∣∣∣ δq + α(φ)δφ = 0
and
∂L
∂S
(q, φ, vq, vφ, S)δS =
〈
F fr(q, φ, vq, vφ, S), δq
〉}
.
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From (21), we get the coupled mechanical and thermal evolution equations of the piston-cylinder
system as follows 
p˙q − p(x, S)A− rq˙ = µ, q˙ = vq,
p˙φ +mga sinφ = α(φ)µ+ T
ext, φ˙ = vφ,
∂L
∂S
(q, v, S)S˙ = 〈rq˙, q˙〉 ,
pq = Mvq, pφ = ma
2φ˙ q˙ = −α(φ)φ˙
In the above, F fr(q, v, S) = −rv, where r > 0 denotes the friction coefficient factor and ∂Ugas∂q =
−p(x, S)A, where p(x, S) is the pressure of the ideal gas.
4.2 Electric circuits with resistors
Next we consider an L-C-R electric circuit with voltage source V , where we consider the entropy
production due to the resistor R. The thermodynamic configuration space of this system is given by
Q = Q×R with local coordinates (q, S), where Q = R4 denotes the configuration space for circuits
with local coordinates for branch charges q = (q1, q2, q3, q4) = (qL, qC , qV , qR) ∈ Q. Note that TqQ
is the space of branch currents with local coordinates f = (f1, f2, f3, f4) = (fL, fC , fV , fR) and
also that T ∗qQ is the space of the branch voltages with e = (e1, e2, e3, e4) = (eL, eC , eV , eR).
L
CV
e
fRf
e
eC
fC
fL
eL
V
V
R
R
U(q, S)
Figure 2: An electric circuit with entropy production
The Lagrangian L : TQ× R of this circuit is given by
L(q, v, S) := KL(q, v)− U(q, S).
In the above, KL(q, v) =
1
2Lv
2
L denotes the energy due to flux linkages and U(q, S) = UC(ec) +
Uint(S) the potential energy consisting of the electric potential UC(ec) =
1
2C e
2
c due to the capacitor
and the internal energy of the system Uint(S). The KCL (Kirchhoff Current Law) constraints on the
currents is given by a subspace ∆Q ⊂ TQ, which we shall call the constraint KCL space, defined,
for each q ∈ Q, by
∆Q(q) = {f ∈ TqQ | 〈ωa, f〉 = 0, a = 1, 2},
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where ωa = ωak dq
k, for a = 1, 2 and k = 1, ..., 4, and the coefficients ωak are given in matrix by
ωak =
( −1 0 1 0
0 −1 1 −1
)
.
It follows from (31) that the evolution equations of the port-Lagrangian thermodynamic system are
given by
q˙L = fL, q˙C = fC1 , q˙V = fV , q˙R = fR,
p˙L = −µ1 + µ2, µ1 = eV , µ2 = Rq˙R,
pL = LfL, fL = fV , fC = fL − fR,
S˙ =
1
T
q2R,
which eventually yield the equations of motion:
Lq¨L = V +RfR, Rq˙R =
1
C
qC ,
q˙C = q˙L − q˙R, S˙ = 1
T
Rq˙2R,
where T = ∂U∂S denotes the temperature and eV = −V .
4.3 The case of open systems
Our approach can be applied to the more general cases of open system that allow to include
matter and heat exchange with exterior. For such a simple open system, we need to consider
the formulation of time-dependent nonlinear nonholonomic systems, in which the thermodynamic
configuration manifold is given by
Y := R×Q 3 (t, x).
This manifold can be interpreted as a trivial vector bundle Y = R × Q → R, (t, x) 7→ t, over the
space of time R. Further, Q is the extended configuration manifold given by Q = Q× R, where Q
is the configuration manifold for mechanical part of the system and R is the space of the entropy
variable. In this setting, we consider the vector bundle (R×TQ)×Y TY → Y over Y whose vector
fiber at y = (t, x) is given by TxQ× T(t,x)Y = TxQ× (R× TxQ). An element in the fiber at (t, x)
is denoted (t, x, v, δt, δx).
In this setting, a variational constraint is a subset
CV ⊂ (R× TQ)×Y TY,
such that CV (t, x, v), defined by
CV (t, x, v) := CV ∩
({(t, x, v)} × T(t,x)Y ) ,
is a vector subspace of T(t,x)Y , for all (t, x, v) ∈ R × TQ. This constraint encodes the entropy
production equation including the effect of the exterior of the system, as shown in Gay-Balmaz and
Yoshimura [2018a]. A kinematic constraint is by definition a submanifold
CK ⊂ TY.
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Then, we consider the covariant Pontryagin bundle as
pi(P,Y ) : P = (R× TQ)×Y T ∗Y → Y = R×Q,
and we can define the distribution on P as
∆P :=
(
Tpi(P,Y )
)−1
(CV ) ⊂ TP.
Let us consider the canonical symplectic form ΩT∗Y on T
∗Y given locally as ΩT∗Y = dxi ∧ dpi +
dt ∧ dp. Using the projection pi(P,T∗Y ) : P → T ∗Y , (t, x, v, p, p) 7→ (t, x, p, p) onto T ∗Y , we get the
presymplectic form on the covariant Pontryagin bundle given by ΩP = pi∗(P,T∗Y )ΩT∗Y . Then, using
∆P and ΩP , we can construct the Dirac structure D∆P on P as above.
Given a Lagrangian L : R × TQ → R, the covariant generalized energy E : P → R on
the Pontryagin bundle is defined by E = p + 〈p, v〉 − L(t, x, v). Finally, given an external force
F ext : TQ× R→ T ∗Q, we can define as above the one form Fext on P.
Given E , D∆P , and Fext, constructed from L, CV , and F ext, the associated port-Lagrangian
thermodynamic system for a curve x(t) = (t, x(t), v(t), p(t), p(t)) ∈ P is defined as(
x˙(t),dE(x(t))−Fext(x(t))) ∈ D∆P (x(t)). (32)
Ii gives the evolution equations for the open thermodynamic system.
4.4 Example: a piston with heat and matter exchanges
We consider the open system, given by a piston with heat and matter exchanges as in 3, in which
S is the entropy of the system and N is the number of moles of the chemical species and the
Lagrangian L is a function defined on the state space TQ×R×R. We assume that the system has
A ports, through which species can flow out or into the system and B heat sources. We denote by
µa and T a the chemical potential and temperature at the a-th port and by T b the temperature of
the b-th heat source.
F
ext
F
fr
q
, ,
, ,
p
p
T
T
J
J
a
a
1
2
a
a
1
2
a
a
1
2
b1
T
b2
TJ b1 J b2S S, ,
m
U(q, S, N)
Figure 3: A piston with two exterior ports and heat sources
The evolution equations of this system can be obtained via the port-Lagrangian system approach
developed in §4.3. In particular, (32) yields the following system of evolution equations for the curves
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q(t), S(t), N(t): 
d
dt
∂L
∂q˙
− ∂L
∂q
= F fr + F ext,
d
dt
N =
A∑
a=1
J a,
∂L
∂S
(
S˙ −
A∑
a=1
J aS −
B∑
b=1
J bS
)
=
〈
F fr, q˙
〉
−
A∑
a=1
[
J a
( ∂L
∂N
+ µa
)
+ J aS
(∂L
∂S
+ T a
)]
−∑Bb=1 J bS( ∂L∂S + T b).
(33)
The energy balance for this system is computed as
d
dt
E =
〈
F ext, q˙
〉 B∑
b=1︸ ︷︷ ︸
=P extW
+
B∑
b=1
J bST b︸ ︷︷ ︸
=P extH
+
A∑
a=1
(J aµa + J aS T a)︸ ︷︷ ︸
=P extM
,
where the external powers are transmitted through the ports, which are given by the product of
thermodynamic fluxes and affinities associated with the heat and matter transfers in addition to
the paring of the external forces and velocities. From the last equation in (33), the rate of entropy
equation of the system is found as
S˙ = I +
A∑
a=1
J aS +
B∑
b=1
J bS , (34)
where I is the rate of internal entropy production given by
I = − 1
T
〈
F fr, q˙
〉 B∑
b=1︸ ︷︷ ︸
mechanical friction
+
1
T
A∑
a=1
[
J a
(
µa − µ
)
+ J aS
(
T a − T
)]
︸ ︷︷ ︸
mixing of matter flowing into the system
+
1
T
B∑
b=1
J bS
(
T b − T
)
︸ ︷︷ ︸
heating
.
We refer to Gay-Balmaz and Yoshimura [2019] for the mathematical details of the formulation.
5 Conclusions
In this paper, we have presented the concept of port-Lagrangian systems in thermodynamic, which
can be constructed with the help of Dirac structures induced from a class of nonholonomic con-
straints of thermodynamic type and linear nonholonomic mechanical constraints. We have illustrated
how the interconnection structure can be modeled by such an induced Dirac structure in nonequi-
librium thermodynamics. Then, we have developed the Dirac formulation by using Dirac structures
on the Pontryagin bundle as well as on the cotangent bundle of the thermodynamic phase space.
Finally, we have applied our theory to the examples of a piston-cylinder system with ideal gas and
an LCR system with entropy production. We have also briefly presented the case of open systems
that include heat and matter exchange with exterior, together with an example.
16
Acknowledgements. H.Y. is partially supported by JSPS Grant-in-Aid for Scientific Research
(17H01097), the MEXT Top Global University Project and Waseda University (SR 2019C-176) and
the Organization for University Research Initiatives (Evolution and application of energy conversion
theory in collaboration with modern mathematics); F.G.B. is partially supported by the ANR
project GEOMFLUID, ANR-14-CE23-0002-01.
References
Bloch, A. M. and P. E. Crouch [1997], Representations of Dirac structures on vector spaces and
nonlinear L–C circuits. In: Differential Geometry and Control (Boulder, CO, 1997). Vol. 64.
pp. 103–117. Amer. Math. Soc. Providence, RI.
Cendra, H., A. Ibort, M. de Leo´n, and D. de Diego [2004], A generalization of Chetaev’s principle
for a class of higher order nonholonomic constraints, J. Math. Phys. 45, 2785.
Courant, T. J. [1990], Dirac manifolds, Trans. Amer. Math. Soc., 319, 631–661.
Courant, T. and A. Weinstein [1988], Beyond Poisson structures. In: Action hamiltoniennes de
groupes. Troisie`me the´ore`me de Lie (Lyon, 1986). Vol. 27. pp. 39–49. Hermann. Paris.
Eberard, D., B. M. Maschke, and A. J. van der Schaft [2007], Port contact systems for irreversible
thermodynamical systems, Proceedings of the 44th IEEE Conference on Decision and Control, 5
pages, 10.1109/CDC.2005.1583118.
Eberard, D., B. M. Maschke, and A. J. van der Schaft [2007], An extension of Hamiltonian systems
to the thermodynamic phase space: Towards a geometry of nonreversible processes, Reports on
Mathematical Physics 60(2), 175–198.
Gay-Balmaz, F. and H. Yoshimura [2017a], A Lagrangian variational formulation for nonequilibrium
thermodynamics. Part I: discrete systems, J. Geom. Phys., 111, 169–193.
Gay-Balmaz, F. and H. Yoshimura [2017b], A Lagrangian variational formulation for nonequilibrium
thermodynamics. Part II: continuum systems, J. Geom. Phys., 111, 194–212.
Gay-Balmaz, F. and H. Yoshimura [2018a], A variational formulation of nonequilibrium ther-
modynamics for discrete open systems with mass and heat transfer, Entropy, 163, doi:
10.3390/e20030163, 1–26.
Gay-Balmaz, F. and H. Yoshimura [2018b], Dirac structures in nonequilibrium thermodynamics, J.
Math. Phys. Vol.59, 012701-29, 2018.
Gay-Balmaz, F. and H. Yoshimura [2019], Dirac structures in nonequilibrium thermodynamics for
simple open systems. preprint, 37 pages.
Merker, J. and M. Kru¨ger [2013], On a variational principle in thermodynamics, Continuum Me-
chanics and Thermodynamics 25(6), 779–793.
Mrugala, R., J. D. Nulton, J. C. Schon, and P. Salamon [1991], Contact structure in thermodynamic
theory, Rep. Math. Phys. 29, 109–121.
17
Oster, G. F., A. S. Perelson, A. Katchalsky [1973], Network thermodynamics: dynamic modelling
of biophysical systems, Quarterly Reviews of Biophysics, 6(1), 1–134.
Sommerfeld, A [1964], Mechanics, 1st Edition. Lectures on Theoretical Physics, Vol. 1, Academic
Press, 1964.
Stueckelberg, E. C. G. and P. B. Scheurer [1974], Thermocine´tique phe´nome´nologique galile´enne,
Birkha¨user, 1974
Yoshimura, H. and J. E. Marsden, Dirac structures in Lagrangian mechanics Part I: Implicit La-
grangian systems, J. Geom. and Phys., 57, 2006, pp.133–156.
Yoshimura, H. and J. E. Marsden, Dirac structures in Lagrangian mechanics Part II: Variational
structures, J. Geom. and Phys., 57, 2006, pp. 209–250.
Yoshimura, H. and J. E. Marsden, Dirac structures and implicit Lagrangian systems in electric
networks, Proc. of the 17th International Symposium on Mathematical Theory of Networks and
Systems, Paper WeA08.5, 2006, pp. 1–6, July 24-28, 2006, Kyoto.
Yoshimura, H. and J. E. Marsden, Representations of Dirac Structures and Implicit Port-controlled
Lagrangian Systems, Proc.of International Symposium on Mathematical Theory of Networks and
Systems 2008, Blacksburg, Virginia, pp. 1–12.
van der Schaft, A. J. and B. M. Maschke [1994], On the Hamiltonian formulation of nonholonomic
mechanical systems, Rep. on Math. Phys. 34, 225–233.
van der Schaft, A. J. and B. M. Maschke [1995a], The Hamiltonian formulation of energy conserving
physical systems with external ports, Archiv fu¨r Elektronik und U¨bertragungstechnik 49, 362–371.
18
